Abstract. Two examples of finitely presented soluble groups are constructed. The first is a metabelian residually torsion-free-nilpotent group G G F =R having free central extension F =½F ; R which is not residually nilpotent and the second is a centrally ordered group that does not belong to the variety of lattice-ordered groups generated by all nilpotent latticeordered groups.
Introduction
We study central extensions of metabelian residually torsion-free nilpotent groups. Our main aim is to construct a finitely presented group which gives an answer to a question of Mikhailov and Passi ( [10, Problem 16 .65]). A technique for constructing finitely presented metabelian groups was described by Strebel in [15] and a small generalization of this technique allowed us to construct interesting examples of central-by-metabelian groups in [3] and [5] . Here we extend this technique and prove the following result.
Theorem A. There exists a finitely presented metabelian group G G F =R (with F a free group) such that G is residually torsion-free nilpotent but F =½F ; R is not residually nilpotent.
This answers a question of Mikhailov and Passi. As a corollary, we construct a finitely presented weakly Abelian totally ordered group which does not belong to the variety of lattice-ordered groups generated by all nilpotent ordered groups (Example 2.6). An example of such a group that was not finitely presented was constructed in [5] .
We write Z for the set of integers and N for the set of positive integers. We use standard group-theoretic notation, as in, e.g., [7] , [11] and [14] . In particular, for any group G, we write zG for the centre of G and g n G for the nth term of the lower central series: thus
If f ; g; h A G, we write f g for g À1 fg and ½ f ; g for f À1 g À1 fg ¼ f À1 f g ; we write ½ f ; g; h as shorthand for ½½ f ; g; h, etc., and ½g; n h for ½g; h; . . . ; h with n entries equal to h.
Let F be a free group and R be a normal subgroup of F . If a group G is isomorphic to F =R then we call the groupG G G F =½F ; R a free central extension of G. There is a homomorphism x :G G ! G such that the diagram
If X is a class of groups closed under isomorphisms, then a group G is called residually X if G has a family fN i : i A I g of normal subgroups of G with 7 i A I N i ¼ f1g and each G=N i A X; equivalently, G is residually X if for every g A Gnf1g there exists a homomorphism j : G ! H such that H A X and g j 0 1. An endomorphism j of a group G is called an IA-endomorphism if j induces the identity mapping on G=G 0 . We will be concerned with IA-endomorphisms for extensions of residually nilpotent groups (in Proposition 4.1).
In the last section we use notions and facts from the theory of lattice-ordered groups; see for example the books [6] , [9] and [12] and the article [5] . We recall that IðHÞ, the isolator of a subgroup H c G, is the intersection of all isolated subgroups of G which contain H.
Examples and lemmata
Example 2.1. Let G be the finitely presented group with generating set S ¼ fa 1 ; a 2 ; b 1 ; b 2 ; c 1; 1 ; c 1; 2 ; c 2; 1 ; c 2; 2 g and relations Á ða i a
Now we prove a lemma which generalizes ideas of Baumslag [1] , [2] and Remeslennikov [13] . Particular cases were considered in [3] , [5] .
Lemma 2.2. Let r; s A Z and let f ðtÞ ¼ a 0 þ a 1 t þ Á Á Á þ a n t n and gðtÞ
be two polynomials over Z such that a 0 ; b 0 ; a n ; b m ¼ G1, n; m d 0, n þ m > 0, and r þ m; r À n 0 0. Then, in any group, the relations
and ½x; y
Proof. Applying (7) 
where w i; j is conjugate to v i; j ¼ ½x a i ; y b j t kþrþ jÀi for i ¼ 0; . . . ; n, j ¼ 0; . . . ; m. Assume that ½x; y t q 0 1 for some q A Z and replace q by the minimal such q if q > r þ jrj þ n þ m À 1 and the maximal such q if q < r. We consider four cases:
(iii) q < r and r À n > 0; (iv) q < r and r À n < 0.
(We recall that both r þ m and r À n are non-zero, and that ½x; y
Since r þ m > 0 we have k < q. By the assumption, ½x; y
We also see that q À ðm À jÞ À i < q for 0 c i c n, 0 c j c m À 1 and so v i; j ¼ 1 for 0c i c n, 0c j c m À 1. This just leaves
q which also must equal 1 because of (8) . But a 0 ; b m ¼ G1 and so ½x; y q ¼ 1.
and since r þ m < 0 we have
for 0 c i c n, 0 c j c m. We also see that q þ n þ j À i > q for 0 c i c n À 1, 0 c j c m and so v i; j ¼ 1 for 0 c i c n À 1, 0 c j c m. Since r À n < 0 we have q þ n À r > q, and since q < r we have 
Abelian, and A is normal in G by the definition. So we only need to prove that A is Abelian. In order to do this, we will apply Lemma 2.2 four times.
First we put
2 , u ¼ c 2; 2 for 0 c n c 2 and we take f ðtÞ ¼ 1,
2 , u ¼ c 2; 1 with m A Z, and we take f ðtÞ ¼ 1, 2; 2 A B, and with n 1 ; . . . ; n 6 A Z. We conjugate u by suitable powers of c i; j if necessary to avoid negative exponents apart from n 3 ; . . . ; n 6 . Then we replace all entries of c i; j using (4), (5) and expand u as a product of commutators ½a i ; a Proof. First we construct a series of torsion-free nilpotent groups H n , n A N. Let U ¼ hu 1 ; u 2 j ½u 1 ; u 2 ¼ 1i and D ¼ hd 1 ; d 2 j ½d 1 ; d 2 ¼ 1i be two free Abelian groups of rank 2 and let T ¼ U o D be the wreath product of U and D. We obtain a presentation of T easily from the definition of the wreath product:
Clearly each g A T can be written in the form
where (11), (12) and add the relations
Consider the mappings t i; j , i; j ¼ 1; 2 defined on the generators of T n as follows:
By (15)- (18),
We see that all t i; j are consistent with the relations (11), (12) , (14) and so we can extend t i; j to endomorphisms t i; j : T n ! T n . Because of (19), we obtain IAendomorphisms. By Lemma 2.4, all maps t i; j are IA-automorphisms. By (15)-(18), the automorphisms t i; j commute pairwise: This implies that the split extension H n ¼ T n z ht 1; 1 ; t 1; 2 ; t 2; 1 ; t 2; 2 i is a torsion-free nilpotent group. It follows from the definition of H n that H n has a presentation with generators u 1 , u 2 , d 1 , d 2 , t 1; 1 , t 1; 2 , t 2; 1 , t 2; 2 and relations (11), (12), (14), (15)- (18),
. Now we can show that G is a residually torsion-free-nilpotent group. We shall define homomorphisms j n : G ! H n . First we define j n on the generators of G:
Then we verify that the maps j n , n A N are consistent with the defining relations of G; this is easy to see by comparing the relations: (1) with (11), (18) and (20); (2) and (3) with (12); (4) with (15); (5) 2 0 1 in T n < H n . This gives g j n 0 1 in H n . r
Now we describe two examples of central-by-metabelian groups that we will use in the proofs of our theorem and corollaries. Example 2.6. Let K be a finitely presented group with a set of generators S, as in Example 2.1, and with defining relations (1), (2), (4)- (6), (21) where the last relations are taken instead of (3) and presented below:
Example 2.7. Let W be a nilpotent class two group with generating set fw i; j; k j i ¼ 1; 2; j ¼ 0; 1; k ¼ 0; 1; 2g and relations ½w i; j; k ; w i; q; r ¼ 1; i ¼ 1; 2; j; q ¼ 0; 1; k; r ¼ 0; 1; 2; ð22Þ ½w 1; j; k ; w 2; q; r ; w i; p; s ¼ 1; i ¼ 1; 2; j; q; p ¼ 0; 1; k; r; s ¼ 0; 1; 2; ð23Þ ½w 1; jþn; kþm ; w 2; qþn; rþm Á ½w 1; j; k ; w 2; q; r À1 ¼ 1; j; q; n ¼ 0; 1; k; r; m ¼ 0; 1; 2: ð24Þ
Here and throughout the example we perform addition modulo 2 in the second subscripts and modulo 3 in the third subscripts of w i; j; k . It follows from (22)- (24) 
We note that
Let L ¼ W z hx 1 ; x 2 i be the split extension of W by the Abelian group hx 1 ; x 2 i of order 6 with actions of the automorphisms defined in (25). It follows from the definition of L that L is generated by x 1 , x 2 , w i; j; k , i ¼ 1; 2, j ¼ 0; 1, k ¼ 0; 1; 2 with defining relations (22)- (26).
Proof of the Theorem
Consider the finitely presented group G described in Example 2.1. By Lemma 2.5, G is residually torsion-free nilpotent. So we only need to show thatG G, the free central extension of G, is not residually nilpotent. We fix the natural homomorphism x :G G ! G and choose as generating set S S ¼ fã a i ;b b i ;c c i; j j i; j ¼ 1; 2g HG G mapping to S under x, i.e.,ã a
and so on. Now we can viewG G as the group generated byS S and defined by relations ½Ũ U;g g ¼ 1 with U ¼Ũ U x ranging over the left-hand sides of the defining relations of G andg g ranging overS S.
We claim that
To prove (i), consider the group L from Example 2.7 and the homomorphism c :G G ! L defined on the generators by the rulẽ a a ; ½ã a 2 ;b b 2 ¼ ½ã ab
is residually torsion-free-nilpotent. Now we take the diagonal embeddings d 1 : G !G G and d 2 : S !S S determined by the rules
if G is residually nilpotent, or
if G is residually torsion-free-nilpotent. To complete the proof we take
There is a finitely presented weakly Abelian totally ordered group that does not belong to the varietyN N of lattice-ordered groups generated by all nilpotent lattice-ordered groups.
Proof. The group K defined in Example 2.6 is finitely presented. By the definition of K, there is a homomorphism a : K ! G with We see that ðker aÞ c ¼ W 0 < L. Since W 0 is a free Abelian group of rank 6 and ker a is an Abelian group generated by six elements we have ker a G W 0 and so ker a is also a free Abelian group. Now we can choose a central order on ker a and a central order on K a ; we recall that K a ¼ G and G admits central orders, being a residually torsion-free-nilpotent group (Lemma 2.5). So K has a central order: g > 1 in K if g a > 1 in G or g a ¼ 1 and g > 1 in ker a < K. Hence K is a finitely presented weakly Abelian ordered group. The same arguments as in the proof of the theorem show that K is not residually nilpotent. But all lattice-ordered groups inN N which are finitely presented as abstract groups must be residually torsion-free-nilpotent (see [5, Corollary 2.5] ). Thus K BN N. r Since G is a residually torsion-free-nilpotent group we have G AN N. But K is an orderable central extension of G and K BN N. This gives Corollary 4.3. The variety of lattice-ordered groups generated by all nilpotent latticeordered groups is not closed under orderable central extensions.
